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The out-of-plane constraint factor, Tz, around I–II mixed-mode cracks in a thin elastic plate has been investigated sys-
tematically and a K–Tz two-parameter description of the three-dimensional (3D) stress ﬁeld near the crack front has been
evaluated using the boundary layer model and the ﬁnite element method. The Tz factor for I–II mixed-mode cracks
depends not only on TzI for the pure tensile mode and TzII for the pure shear mode loading but also on the ratio of
the thickness functions for the local stress intensity factors of both loading modes. Tz increases gradually with decreasing
crack angle u from mode I (u = 90) to mode II (u = 0). At the crack plane (h = 0), the shear loading has no contribu-
tion to Tz, which equals the value for the pure mode I. By ﬁtting the numerical results, two empirical formulae were
obtained to describe the 3D distribution of Tz around the crack front for the pure tensile mode and pure shear mode,
respectively. Next, the formula describing the 3D distribution of Tz around the I–II mixed-mode crack front was obtained.
Two-parameter description of the 3D stress ﬁeld (K–Tz) for I–II mixed-mode cracks was proposed.
 2006 Elsevier Ltd. All rights reserved.
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Most of the cracks in the engineering structures are usually subjected to the three-dimensional (3D) mixed-
mode loadings. The complicated 3D stress ﬁelds near the crack front play a vital role in the strength of mate-
rials (Clatterbuck et al., 2003), and control the initiation and propagation of cracks (Guo, 2000). The charac-
ter of the stress ﬁelds near the crack front has been extensively studied for a long time. The classical linear
elastic and elastic–plastic fracture mechanics were based on the theory stemming from the one singular term
of asymptotic expression and its amplitude the stress intensity factor (SIF, K) (Irwin, 1958) and HRR solution
(Hutchinson, 1968; Rice and Rosengren, 1968), respectively. Then more accurate two-parameter approaches,
such as K–T (Williams, 1957), J–T (Betegon and Hancock, 1991), J–Q (O’Dowd and Shih, 1991, 1992) and J–
A2 (Li and Wang, 1986; Chao et al., 1994), have been developed to describe the crack-tip ﬁeld. These0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.09.002
* Corresponding author. Tel./fax: +86 25 84895827.
E-mail address: wlguo@nuaa.edu.cn (W. Guo).
3022 C. She, W. Guo / International Journal of Solids and Structures 44 (2007) 3021–3034approaches have been applied successfully in engineering designs though they are limited to describe the eﬀect
of the in-plane constraint on the crack-tip ﬁeld and fracture toughness. In fact, fracture toughness depends on
the 3D out-of-plane stress level near the crack front also. It is well known that fracture toughness depends
highly on the thickness of the test specimen until a threshold thickness, beyond which the toughness does
not decrease further. The toughness at this thickness is called plane strain fracture toughness. It is less than
the fracture toughness of thinner plates and is a material property (ASTM-E399). So the variable fracture
toughness is inconvenient in the engineering applications if the 3D out-of-plane stress level is not considered
accurately.
The 3D crack-front ﬁelds have been studied for many years (Cruse, 1970; Burton et al., 1984; Brocks and
Olschewski, 1986; Nakamura and Parks, 1990; Nevalainen and Dodds, 1995; Leung and Su, 1995; Kwon and
Sun, 2000). Kong et al. (1995) have shown that the triaxial stress has a signiﬁcant inﬂuence on mixed-mode
fracture behaviors of materials. Yuan and Brocks (1998) have also shown that the crack-front ﬁelds in a
3D specimen are signiﬁcantly aﬀected by the out-of-plane stress state.
The out-of-plane constraint factor Tz (=r33/(r11 + r22)) plays an important role in the determination of
fracture toughness of a structural element, where r33 is the out-of-plane stress, r11 and r22 are the in-plane
stresses. The eﬀect of Tz on 3D crack-front ﬁelds and fracture toughness were systematically studied by
Guo (1993a,b, 1995). The principles of K–Tz, J–Tz, K–T–Tz and J–Q–Tz descriptions have been proposed
and their applications to fracture and fatigue have been demonstrated (Guo, 1995; Guo, 1999; Chang and
Guo, 1999; Guo et al., 1999; Guo, 2000; Wang, 2000; Wang et al., 2002; Byun et al., 2000; Neimitz, 2000,
2004, 2006). However, except for some numerical results and approximate expressions for the crack under
the mode I loading (Zhang and Guo, 2005, 2006), the detailed distribution of Tz near the crack front under
the mixed-mode loading has not been obtained, mainly because of its complicated 3D characters. This situa-
tion limited the application of the K–Tz, J–Tz, K–T–Tz or J–Q–Tz theory.
Mixed-mode fracture is often met in the engineering structures, so the 3D character of the stress ﬁeld near
the mixed-mode crack front is an important issue. However, the general solutions for the 3D crack-front ﬁelds
are diﬃcult to obtain theoretically. Dong and Guo (2002) performed systematical experiments on the mixed-
mode fracture in metallic materials and they found that there exists a complicated relationship between the
crack growth initiation angle and the specimen thickness. Further study of Dong and Guo (2004) showed that
the specimen thickness has a strong inﬂuence on mixed-mode fracture, but no existing theory can explain the
strange eﬀect of thickness on the mixed-mode fracture behavior.
The diagram shown in Fig. 1 demonstrates the possible extension of the one to three-terms description of
the fracture process in order to include the in-plane and out-of-plane constraints in the fracture toughness esti-
mation. The three-terms description might be helpful to provide more precise and beneﬁcial from the econom-
ical point of view results. In contrast to the extensive studies that have been done on the in-plane constraint,
the lack of systematical research on the out-of-plane constraint factor Tz, especially under the mixed-mode
loading condition, becomes the main drawback.
In this paper, 3D distributions of Tz near the crack front under the I–II mixed-mode loading are system-
atically investigated on the basis of Williams’ asymptotic solutions in conjunction with detailed 3D FE anal-
yses. Useful approximate formulae to compute the Tz parameter for elastic materials are obtained, and the 3D
K–Tz stress solution is proposed and shown to have suﬃcient accuracy for engineering applications.
2. Modeling of the problem
2.1. Geometrical conﬁguration
The problem considered here is a crack in an inﬁnite plate of thickness B subjected to the far-end tensile
stress r1 and shear stress s1 (Fig. 2a). A circular disk surrounding the near-tip region of a crack is studied
using the boundary layer approach, as shown in Fig. 2b. The maximum radius R of the disk is ﬁve times the
thickness B, which is large enough to represent the 3D distributions of stress ﬁelds (Nakamura and Parks,
1988). The straight crack front is located at the center of the disk along the z-axis (x = y = 0). For conve-
nience, the polar coordinate system (r,h,z) is also used in this paper. Its origin is the same as that of the
(x,y,z) coordinates and is located at the crack tip at the mid-plane of the disk. The directions of the three coor-
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Fig. 1. The scheme of possible directions in the crack-tip ﬁelds estimation by including the in and out-of-plane constraint factors.
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Fig. 2. Illustration of the problem. (a) The crack in an inﬁnity subjected to the far-end tensile and shear load. (b) The model of a cracked
circular disk that represents the near crack-tip region of an elastic plate.
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direction of the far-end equivalent uniaxial loading; the equivalent crack angle u ranging from the pure mode
II to the pure mode I with 0 6 u 6 90 in the polar coordinates are completely simulated.2.2. Deﬁnition of the out-of-plane constraint Tz
To describe the 3D characteristics of the stress ﬁeld accurately, Guo (1993a,b, 1995) has deﬁned the out-of-
plane constraint factor as
F3024 C. She, W. Guo / International Journal of Solids and Structures 44 (2007) 3021–3034T z ¼ r33r11 þ r22 ; ð1; 2; 3Þ ¼ ðx; y; zÞ or ðr; h; zÞ: ð1ÞIn an isotropic linear elastic body, Tz = 0 for plane stress and Tz = v for plane strain. In the real 3D cracked
elements, Tz 2 [0,vep], where v is the linear elastic Poisson’s ratio, vep is the elastic–plastic Poisson’s ratio.
2.3. Finite element modeling
In the FE model, in Fig. 3a, only a half thickness of the circular disk is used because of the symmetry with
respect to the z-axis, and the analysis will be performed in the domain (r 6 R, 180 6 h 6 180 and
0 6 z 6 B/2). The FE model consists of 20-noded isoparametric elements. The 3D singular elements with four
mid-side nodes at the quarter points (see Fig. 3b) are used around the crack front to simulate the square root
singularity at the crack tip (Henshell and Shaw, 1975; Barsoum, 1976). The half-thickness of the plate consists
of 15 layers. The thickness of the layers in the z-direction is gradually reduced toward the free surface (z = B/
2) to accommodate strong variations of the stress gradients through the half-thickness of the plate. The thick-
ness of the layer at the free surface is smaller than 0.003B. In the plane perpendicular to the crack front, the
element size gradually increases with increasing radial distance r from the crack tip, the radial size of the sin-
gular element around the crack tip is the smallest and equals 0.002B. The angular increment of each element
layer is kept constant with Dh = p/24, throughout the mesh. The mesh has a total of 30,960 elements (48 cir-
cumferential · 43 radial in-plane; 15 layers through half thickness) and 132,090 nodes, which has more ele-
ments and nodes than that in other literatures (Nakamura and Parks, 1988). The results should be
expected to be more accurate.
In the simulations, the elastic modulus E is assumed as 73 GPa, and Poisson’s ratio v is 0.3 without of spe-
cial statement.
2.4. Boundary layer model
Williams (1957) has given the asymptotic expansion of the displacement ﬁeld around the crack tip in an
isotropic linear elastic body. In a thin elastic plate, the 3D stress region concentrates mainly within the dis-
tance equal to the 1.5 times the thickness of the plate from the crack front. However the 3D character of
the stress ﬁeld is clearly observed in the region of about 0.5 times the thickness (Nakamura and Parks,
1988; Guo, 1995). So the higher order term, the T-stress in the Williams’ asymptotic solution when compared
with the lower order singular term, is very small in the near-tip region. Here we focus on the out-of-plane con-
straint factor Tz mainly and consider only the singular term of the stress ﬁeld near the crack front. So the
nodal displacements on the outer boundary of the disk regardless of T-stress term can be expressed asx
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ig. 3. Finite element model. (a) The 3D ﬁnite element model. (b) The 3D 1/4 point singular element around the crack front.
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:k = (3  v)/(1 + v) for plane stress and k = 3  4v for plane strain. The plane stress k value has been
adopted in the boundary condition because Tz = 0 at the distance r = 5B (Levy et al., 1971; Nakamura
and Parks, 1990).
K farI and K
far
II are the assumed far-end SIFs for the plane stress boundary condition on the outer boundary of
the disk under the mixed-mode situation.
The equivalent crack angle u can be deﬁned asu ¼ arctan K
far
I
K farII
 
: ð3Þ3. Theoretical analysis of Tz distributions in the I–II mixed-mode cracked plates
Many studies (Nakamura and Parks, 1988; Zhang and Guo, 2005, 2006) show that the in-plane stress com-
ponents in the diﬀerent normal planes of the crack front line for the 3D cracked bodies follow from the Wil-
liams’ planar asymptotic solution (Williams, 1957) if the variational local SIFs along the direction of the
thickness are adopt. So the in-plane stress components regardless of the T-stress term near the crack front
for the 3D cracked body in the rectangular coordinates (x,y,z) under the I–II mixed-mode situation can be
given byrij ¼ KIf IijðhÞ þ KIIf IIij ðhÞ
h i
=
ﬃﬃﬃﬃﬃﬃﬃ
2pr
p
; ði; j ¼ 1; 2Þ; ð4Þwheref I11ðhÞ ¼ cos
h
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2
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3h
2
 
; ð5Þ
f I22ðhÞ ¼ cos
h
2
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2
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3h
2
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f II11ðhÞ ¼  sin
h
2
2þ cos h
2
cos
3h
2
 
; ð7Þ
f II22ðhÞ ¼ sin
h
2
cos
h
2
cos
3h
2
: ð8ÞTo describe the 3D character of the stress ﬁeld more clearly and brieﬂy, the following two parameters are
deﬁnedz0 ¼ 2z=B; r0 ¼ r=B:
KI and KII in a 3D cracked body for the I–II mixed-mode situation are functions of z0, which can be
assumed as
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KII ¼ K farII F IIðz0Þ: ð10ÞThe coeﬃcient functions FI(z0) and FII(z0) present the variations of the SIFs KI and KII along the z direc-
tion, which can be obtained using the 3D FE method and the boundary layer approach, namelyF Iðz0Þ ¼ KI=K farI ; ð11Þ
F IIðz0Þ ¼ KII=K farII : ð12ÞThe summation of the in-plane stresses in an arbitrary normal plane of the crack front line for a 3D cracked
body under the mixed-mode loading can be obtained from Eqs. (4)–(8),r11 þ r22 ¼ KI f I11ðhÞ þ f I22ðhÞ
 
=
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p
: ð13ÞIt is assumed that TzI and TzII are the out-of-plane constraint factors under the pure tensile and pure shear
loading condition respectively, which are the functions of r0, h and z0. Then the out-of-plane stress r33 for the
mixed-mode loading can be expressed asr33 ¼ T zIKI f I11ðhÞ þ f I22ðhÞ
 
=
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: ð14ÞThen the out-of-plane constraint factor Tz for the mixed-mode loading can be obtained from Eqs. (1), (3), (9),
(10), (13) and (14)T z ¼
F Iðz0Þ
F IIðz0Þ T zI sinu cos
h
2
 T zII cosu sin h2
F Iðz0Þ
F IIðz0Þ sinu cos
h
2
 cosu sin h
2
: ð15ÞIt is shown that the Tz for the mixed-mode loading can be easily obtained if the functions FI(z0)/FII(z0), TzI
and TzII are known.4. Discussions of the results
4.1. TzI distributions for the pure tensile mode (u = 90)
As shown in Fig. 2, all known mixed-mode fracture criteria and experimental investigations show that the
mixed-mode crack initiation angles are always within the fourth quadrant (90 6 h 6 0) when the equiva-
lent crack angle is 0 6 u 6 90 in these studies, so in the following section we will concentrate on the region of
the fourth quadrant without of special statement.
In Eq. (2), let K farI ¼ 1 and K farII ¼ 0, the TzI distributions for the pure tensile mode can be obtained using the
3D FE method and the boundary layer approach. Fig. 4 presents detailed distributions of TzI as a function of
diﬀerent variables.
Many studies showed that the 3D near-tip stress ﬁelds coincide with the corresponding planar stress solu-
tions at a non-dimensional radial distance r0 = 1.5 from the crack tip along the mid-plane (Levy et al., 1971;
Nakamura and Parks, 1988). This is also shown in Fig. 4b. However, it can also be seen that the region of the
plane stress gradually approaches the crack tip with increasing z0. In order to validate our FE results, Nakam-
ura and Parks’ solution (1988) is also shown in this ﬁgure.
From Fig. 4, it follows that TzI is a function of h, r0 and z0. By ﬁtting the 3D FE results, the TzI function in
the region 90 6 h 6 0 can be expressed in the form ofT zI ¼ eT zIðr0; h; z0Þ ¼ v  1þ br0:50  exp c  rd0 ; 90 6 h 6 0; ð16Þ
where
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Fig. 4. The distributions of TzI near mode I crack front as functions of (a) h for various r0 in the mid-plane; (b) r0 for various h and z0; (c)
z0 for diﬀerent r0 and h.
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c ¼ 3:444 2:223z30ð1 z0Þ1 expð0:062z30Þ;
d ¼ Q1 cos hþ Q2 sin2 hþ Q3;
Q1 ¼ 0:82078 0:58758z0  0:13642z20;
Q2 ¼ 0:0242þ 0:16947z0 þ 0:0114z20  0:16721z30;
Q3 ¼ 0:98172 0:23712z0  0:8194z20 þ 0:93912z30:Eq. (16) is also plotted in Fig. 4b and c as a solid line.
In a thin elastic plate, the distribution of the local SIF K is a function of z0 and v. Bazant and Estenssoro
(1979) showed that the local SIF in mode I could vanish at the corner point when the crack front line is per-
pendicular to the free surface (z0 = 1). The corner singularity ﬁeld has also been studied systematically by
Nakamura and Parks (1988, 1990). However, the limited corner singularity ﬁeld will not inﬂuence the 3D frac-
ture toughness KZC if the through-the-thickness average value of Tz is considered as a measure of the out-of-
plane constraint in the 3D fracture theory (Guo, 1995; Neimitz and Galkiewicz, 2006). So the function FI(z0)
can be obtained from the FE results without taking into account the corner points, and can be approximated
byF Iðz0Þ ¼ KI=K farI ¼ m1½1 ðz0Þm2 m3 ; ð17Þ
3028 C. She, W. Guo / International Journal of Solids and Structures 44 (2007) 3021–3034wherem1 ¼ 0:25v1:5 expð1:69vÞ þ 1;
m2 ¼ 2:61v3 expð1:71vÞ þ 3:14;
m3 ¼ 0:096v expð3:95v2Þ:The SIF has been solved by the quarter point displacement extrapolation method (Henshell and Shaw,
1975; Barsoum, 1976).
The function FI(z0) and the corresponding FE results are plotted in Fig. 5.
4.2. TzII distributions for the pure shear loading mode (u = 0)
The 3D distributions of TzII for the pure shear mode crack have not been studied in the literatures so far.
Here the spatial distributions of TzII near the crack front for the pure shear mode are investigated. In Eq. (2),
let K farI ¼ 0 and K farII ¼ 1, the TzII distributions can be obtained using the 3D FE method and the boundary
layer approach. The results are shown in Fig. 6.
It is clearly shown in Fig. 6a that the distributions of TzII are almost independent of the angle h in a con-
siderable region, except near the crack surface (h = ±180). Furthermore, the angular distribution of TzII
appears to be symmetrical with respect to the x–z plane (h = 0) as in the pure tensile mode. However, because
the TzII is indeﬁnite (0/0) at h = 0, it cannot be determined numerically on this plane and it is not plotted in
Fig. 6a in the small region around h = 0. This value will be discussed further in the next section.
Fig. 6b shows the distributions of TzII along the non-dimensional radial distance r0 for various angles h and
z0 under a pure shear loading. The through-the-thickness distributions of TzII for various r0 at h = 7.5 near
the pure shear mode crack front are plotted in Fig. 6c. Obviously, the variations of TzII in the through-the-
thickness direction and radial direction are similar to TzI in the pure tensile mode. However, for a given r0,
the value of TzII for the pure shear mode crack is always larger than TzI in the pure tensile mode crack.
The 3D distributions of TzII in the forward section 90 6 h < 0 can be approximated by a function of r0
and z0 only. By ﬁtting the 3D FE results, this function can be written asT zII ¼ eT zIIðr0; z0Þ ¼ v  ð1 2r0Þ expðprq0Þ; 90 6 h < 0; ð18Þ
wherep ¼ 3:5 z0ð1 z0Þ1 expð1:43z0Þ;
q ¼ 1:265 0:3z0 þ 0:14z20:Eq. (18) is also plotted in Fig. 6b and c as a solid line.0.0 0.2 0.4 0.6 0.8 1.0
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can be approximated asF Iðz0Þ=F IIðz0Þ ¼ n1½1 ðz0Þn2 n3 ; ð19Þ
wheren1 ¼ 0:47v2 þ 0:03vþ 1;
n2 ¼ 11:14v3  2:02v2  9:53vþ 10;
n3 ¼ 1:158v3  0:574v2 þ 0:425v:Eq. (19) and the corresponding FE results are plotted in Fig. 7.
4.3. Validations of Tz distributions for I–II mixed-mode cracked plates
Substituting Eqs. (16), (18) and (19) into Eq. (15), it is easy to arrive at the Tz for the I–II mixed-mode load-
ing. In order to validate Eq. (15), seven mixed-mode cases for the equivalent crack angle u = 1, 5, 15, 30,
45, 60 and 75 are studied in this section utilizing the FE method.
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Fig. 8. The distributions of Tz along r-direction for various z0 and h at mixed mode loading angle of (a) u = 5, (b) u = 45.
3030 C. She, W. Guo / International Journal of Solids and Structures 44 (2007) 3021–3034Fig. 8a and b present the comparisons of Eq. (15) with the corresponding FE results for two angles u = 5
and 45, respectively. It is shown that the values of Eq. (15) are in good agreement with the corresponding 3D
FE results in the region of 90 6 h 6 0.
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Fig. 9. The angular distributions of Tz along h-direction for various loading angles u at the radial distance r0 = 0.0983 in the mid-plane.
C. She, W. Guo / International Journal of Solids and Structures 44 (2007) 3021–3034 3031The angular distributions of Tz along the h-direction for various loading angles u at the distance
r0 = 0.0983 from the crack tip in the region of 90 6 h 6 0, in the mid plane are plotted in Fig. 9. It is shown
that the Tz under mixed-mode loading computed at the same location is a monotonically decreasing function
of u except at h = 0. The Tz reaches maximum for the pure shear mode and minimum for the pure tensile
mode at the same location, except for h = 0.
At h = 0, the Tz is independent of u and equals TzI (Fig. 9). This follows from Eq. (15). Thus, there exists a
discontinuity at h = 0 for the pure shear mode. The TzII at h = 0 under the pure shear mode loading cannot
be determined by the numerical method. The quantitative estimation of DTzII when h! 0 can be calculated
from Eqs. (16) and (18) as DTzII = TzIIjh>0  TzIjh=0.
The diﬀerences of the Tz distributions between Eq. (15) and the corresponding FE results are within ±0.008
in the region of 90 6 h 6 0 for an arbitrary crack angle u. Nakamura and Parks (1988) have shown that
there exists a direct proportional relationship between Tz and v, so, Eq. (15) can be used in engineering appli-
cations for various isotropic materials.5. Three-dimensional K–Tz stress ﬁelds in I–II mixed-mode cracked plates
Combining the Tz function with the in-plane constraint parameters T or Q, the 3D two- and three-param-
eter descriptions of the stress ﬁeld in front of the crack using K–Tz, J–Tz, K–T–Tz and J–Q–Tz combination for
the I–II mixed-mode crack can be formulated. Certainly, the multi-parameter description of the stress ﬁeld for
the I–II mixed-mode loading should be studied in more details. In this section, Tz is taken into account to
compute the out-of-plane stress r33 and to form the K–Tz two-parameter description for the I–II mixed-mode
loading. The K–Tz stress ﬁeld can be expressed asrij ¼ KIf IijðhÞ þ KIIf IIij ðhÞ
h i
=
ﬃﬃﬃﬃﬃﬃﬃ
2pr
p
r33 ¼ T zðr11 þ r22Þ
(
; i; j ¼ 1; 2; 90 6 h 6 0; ð20Þwhere f IijðhÞ, f IIij ðhÞ, KI and KII have been given by Eqs. (5)–(10);f I12ðhÞ ¼ cos
h
2
sin
h
2
cos
3h
2
;
f II12ðhÞ ¼ cos
h
2
1 sin h
2
sin
3h
2
 
:In order to determine the 3D stress ﬁeld ahead of the crack front under the mixed-mode loading, the fol-
lowing two parameters are deﬁned.
3032 C. She, W. Guo / International Journal of Solids and Structures 44 (2007) 3021–3034The local equivalent SIF Keq for various crack angles u can be deﬁned as-
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Fig. 10
u = 90Keq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2I þ K2II
q
:The Cartesian component of the angular distribution of the stress component in front of the crack for a
mixed-mode loading is deﬁned asfijðhÞ ¼ KIf IijðhÞ þ KIIf IIij ðhÞ
h i
=Keq:The complete stress ﬁelds near the I–II mixed-mode crack tips are shown in Fig. 10. The components of
computed stresses are normalized by the local equivalent SIF and are plotted over the angular range
90 6 h 6 0. It is shown that the in-plane fij agrees very well with the corresponding computed stress com-
ponents except for the out-of-plane plane strain K-ﬁeld solution f33 = v(f11 + f22). These results conﬁrm that
the in-plane stresses in a 3D mixed-mode cracked body can be expressed by the Williams’ planar K-ﬁeld solu-
tion if the local SIF is used. The out-of-plane stress r33 near the crack front cannot be characterized by the
solution f33 = v(f11 + f22) because the stress ﬁeld is between the plane strain and plane stress state. Fortunately,
the actual stress state can be characterized by the parameter Tz (Guo, 2000). If we substitute Tz for v in f33, the
agreement of the computed stress component r33 and f33 = Tz(f11 + f22) becomes very good, as can be seen
from Fig. 10. It means that the actual out-of-plane stress state can be computed accurately by introducing
Tz factor. Thus the K–Tz two-parameter theory for the 3D mixed-mode crack problems can be proposed.0 30 60 90
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. The angular distributions of stress components normalized by the local equivalent stress intensity factor in the mid-plane. (a)
 (pure tensile mode), (b) u = 60, (c) u = 30, (d) u = 0 (pure shear mode).
C. She, W. Guo / International Journal of Solids and Structures 44 (2007) 3021–3034 3033Although the stress components in the mid-plane were plotted only in Fig. 10, the components were also
performed along the whole crack front. They showed that the agreement of the K–Tz solutions and the cor-
responding numerical results for various planes along the thickness direction and diﬀerent radial distance r0 is
very good.
6. Conclusions
In this article, detailed investigations on the three-dimensional (3D) distributions of the out-of-plane con-
straint factor Tz and the stress ﬁeld around the crack front in a thin elastic plate under mixed-mode loadings
were conducted using the boundary layer approach and the 3D ﬁnite element method.
The Tz for the I–II mixed-mode loading is dependent not only on TzI for the pure tensile mode and TzII for
the pure shear mode, but also on the ratio of the thickness functions FI(z0) for the tensile and FII(z0) for the
shear mode loading. The Tz increases gradually with decreasing crack angle / from mode I (u = 90) to mode
II (u = 0) at the same location in front of the crack tip. However, it is independent of / and equals TzI at
h = 0. The TzII is not continuous at this angle.
The TzI is a monotonically decreasing function of a absolute polar angle jhj at the same radial distance in
the plane normal to the crack front. However, the TzII is nearly independent of h and is a constant for a given
radial distance in the forward region 90 6 h 6 90 except at h = 0.
Two empirical formulae describing the 3D distributions of TzI and TzII were obtained with a suﬃcient pre-
cision for engineering applications. Based on these formulae, a general expression for the 3D distributions of
Tz around the I–II mixed-mode crack front in the forward region 90 6 h 6 0 was obtained. Combining
with the SIF, K, the 3D K–Tz solution of the stress ﬁeld, except the point suﬃciently close to the normal inter-
section of the crack front and the free surface, was proposed and proven to be suﬃciently accurate.
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